What Happened to the Blueberry Muffins?
One recent weekend, my wife and daughter were enjoying a bag of Jell Belly 40 Flavors. As it turns out, one of their favorite activities is creating new flavors by eating more than one flavored bean at a time. For example, eating two chocolate fudge beans and one toasted marshmallow bean together produces a chocolate mousse flavor. In terms of potential combinations, a 40-flavor bag provides almost an endless set of culinary possibilities, not to mention a great opportunity for a combinatorics class. Since eating order does not matter and repetition is encouraged, when you combine just three flavors as Table 1 shows, there are 11,480 potential combinations of new flavors.
One of my daughter' s favorite creations is blueberry muffi n, a combination of two blueberry beans and a butter popcorn bean. At some point during the afternoon, my daughter commented that she was ripped off since she wasn't able to eat a single blueberry muffi n because there were no buttered popcorn-fl avored beans in the bag. The bag should have contained approximately 210 beans (six suggested servings × 35 beans per serving) and, assuming a uniform distribution of the 40 fl avors, one would have expected 5.25 buttered popcorn beans in the bag. Surely, my daughter should have been able to make one blueberry muffi n combination. To investigate further, I contacted the Jelly Belly Candy Company and asked how they mix their fl avors.
In making the 40-fl avor mix, the company takes 25-pound component cases for each of the individual 40 fl avors and pours them into a mixing hopper (1,000 pounds total). As the batch is mixed, 
An Edible Experiment
My daughter' s bag, with no buttered popcorn-flavored jellybeans, appeared to be abnormal. My daughter, always eager to eat more jellybeans, was more than happy to help me in an experiment. The idea of an edible experiment caught on with my other children, who eagerly supported the concept of the more-data-is-better principle; obviously, they are all on their way to becoming statistics professionals.
To support this experiment, I bought approximately four pounds of beans, consisting of four 6.25 oz. bags and four 9.0 oz. bags from several locations. Following Ron Fricker' s rationale in the Mysterious Case of the Blue M&M' s, my objective was to produce four random one-pound (really 15.25 oz.) samples with different manufacturing lots.
The eight bags were randomly assigned to four samples: one 6.25 oz. and one 9.0 oz. bag per sample. My methodology was to sort each sample separately, dividing the beans into groups by their flavors, while reminding my six year old not to eat the beans. After verifying flavor separation, my daughter re-verified the information and entered the data into an Excel spreadsheet. With three independent reviews of the data, the accuracy of the count of flavors by sample was reasonably certain. Table 2 provides the counts for each group by flavor and the aggregate total for all four samples.
Looking at Table 2 , the consistency of sample sizes is striking. Also, all samples exceeded the company' s suggested total serving size. The package indicates a serving size is 35 beans and, coupled with the 10.5 suggested servings (4.5 servings for the 6.25 oz.. bag and six servings for the 9 oz. bag), there should be approximately 367.5 beans per sample. However, the distribution does not appear to be uniform, and some flavors appear more popular. A bar chart of flavors by sample confirms this observation. The chart can be viewed at http:// chance.amstat.org/category/supplemental.
Overall, very cherry appears to be the most populous flavor, while juicy pear is the least populous. A review of Table 2 clearly demonstrates a discrepancy between the samples and the company' s expected uniform distribution. Although about half of the flavors matched up reasonably well, there were several flavors-including very cherry, juicy pear, and, of course, buttered popcorn-that appeared out of sorts.
Statistical Analysis: One Flavor at a Time
Under the hypothesis that the sample was generated according to the company' s described distribution, one can compute the probability of observing 65 or more very cherry-flavored jellybeans. Simplifying the flavors into two groups-very cherry and not very cherry-the probability distribution for the number of very cherry beans out of 1,531 is binomial with n = 1,531 independent trials and a probability of p = 0.025 of a single bean being very cherry. The probability of seeing x or more very cherry beans out of 1,531 is the sum from x to 1,531 of the binomial probabilities at those amounts. Invoking the normal approximation to the binomial gives
The calculated t-test statistic reported in Table 3 is given by where x and s respectively represent the sample mean and standard deviation. The p-value in the final column provides the probability of observing a test statistic as extreme or more extreme than the observed test statistic value given that the null hypothesis is true. There were clearly multiple flavors that, on average, had significantly more than the expected 9.19 beans per bag and a couple that, on average, were significantly short of this mark. A closer look at the differently sized bags of the sample provides additional evidence of some discrepancies. Also, it seems to indicate that if you want your money' s worth, buy the larger bag. Table 4 shows that the 6.25 oz. bags were filled close to the suggested level of 157.5 beans, but the 9 oz. bags were overfilled in each sample. A review of the eight individual bags of jellybeans that comprise the four samples also shows that six of the eight bags contained fewer than the 40 flavors. In fact, three of the eight bags only contained 38 flavors. All together, the number of beans for an individual flavor ranged from 0 to 12 beans, with a standard deviation of 2.6 beans. Clearly, there is a problem with the samples and the company' s claim of how the beans are mixed.
Three flavors show significant discrepancies from uniform using this approach. Very cherry and top banana appear much more frequently than chance, whereas bubble gum appears much less frequently. This test is not very powerful because there are only four observations for each flavor, so other apparent departures do not appear significant.
-out of 1,531 jellybeans would rarely occur. The last column of Table 3 gives the p-values for all 40 flavors based on the binomial test.
If the company did fill the sample bags in accordance with a uniform distribution, one would expect an average of 9.1875 (=367.5/40) beans of each flavor in a standard sample (one standard 6.5 oz. bag and a standard 9.0 oz. bag). The samples have sizes of 379, 381, 385, and 386, which are larger than standard. To test a hypothesis about the average count of beans, one can multiply the observed counts by a ratio equal to 367.5/n s to standardize the count per sample to 367.5. Once that is done, one can test the hypothesis that the mean number is 9.1875 versus not using a t-test with four observations per flavor. Here, the continuity correction makes little difference in the substantive results. Following the company' s assertion that the flavors were equally mixed according to a binomial distribution with p = 0.025, observing 65 or more very cherry-flavored beans would rarely occur. Similarly, seeing 21 or fewer juicy pear-flavored jellybeans-As with the separate binomial tests, one can worry about whether the largest or smallest statistics are truly significant, since they were in fact chosen because they are the extremes. That is, there is a multiple testing issue. If you conduct 40 independent hypothesis tests at the alpha = 0.05 level, then you would expect, on average, two of them to be significant just by chance. One might further worry about the assumptions of the t-test: Are the four measurements reasonably normally distributed? Perhaps one would prefer a test based on ranks that would be less sensitive to assumptions.
Statistical Analysis: 40 Flavors at Once
Of course, conditional on the number of beans in a bag, when one flavor is under-represented in a bag, another flavor has to be over-represented. Is the overall distribution of counts in the four samples significantly different from uniform? A chi-squared test can be used to answer this question. The chi-squared statistic is a function of the observed counts (o i ) in each cell (for each flavor) and the expected counts (e i ) in each of the 40 cells. The expected values under a uniform distribution is n(1/40), where n is the number of beans. The chi-squared statistic is and is compared to a chi-squared distribution with 39 (40 -1) degrees of freedom. Large values of the statistic suggest the distribution is not uniform. For samples A, B, C, and D, the statistic values are 57.6, 63.0, 37.1, and 42.6, which yield p-values of 0.028, 0.009, 0.555, and 0.319. When the samples are combined, the statistic is 76.3, which gives a p-value of 0.0003. One can conclude that, although some individual samples are not significantly different from a uniform distribution of flavors, the distribution appears to be non-uniform overall.
Further Evidence
A review of the buttered popcorn flavor shows a moderate significance of there being more than 9.19 beans per bag. Clearly, this distribution does not appear to match the company's mixing claim, but what about my daughter's claim that she did not receive any buttered popcorn-flavored beans in her bag? Invoking the normal approximation to the binomial once again and assuming she had a standard bag with 210 beans, the probability of zero buttered popcorn beans in a sample yields p=0.0049. In other words, this occurrence should be a rare event.
Armed with this clear discrepancy, I contacted the company again to inquire about their mixing process. According to the company, the original batch of mixed flavors is placed in the hopper to begin filling the appropriate individual bags to the appropriate weight. However, as time goes by and they run out of mixed component cases, the process is to add individual 25-pound component (not mixed) flavors to the hopper to keep it full. Therefore, the initial bags of any production run may be uniformly distributed, but as time passes, the fill process may deviate from uniformity. The process of keeping the hopper filled after using all mixed cases makes sense when you consider the volume of beans the company must produce each day to meet demand. However, it is curious that the most populous flavors in my samples-very cherry, top banana, and buttered popcorn-tended to top the list of favorite flavors on several informal online surveys.
An example of an informal online survey can be found at answers.yahoo.com/question/index?qid=20100117084208AASO6zS. Could it be that the process of loading component cases to the hopper may favor these more fan-favorite fl avors?
This investigation provided several insights. First, a good dose of skepticism is always prudent when reading information presented as facts and that simple classroom statistics can be leveraged to address perceived facts in our lives. This experience also illustrates that it is perfectly acceptable to question and seek additional information when the facts do not seem to mesh with your analysis. Second, don't be too disappointed if you cannot create your favorite combination, or even get your favorite flavor, from a bag of the gourmet beans. Rest assured there is not some company conspiracy to deny you your favorite flavor. You just need to sample another bag.
